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Abstract 

The purpose of this paper is to show that the monodromy of action variables of the Lagrange top 
and its generalizations can be deduced from the monodromy of cycles on a suitable hyperelliptic curve 
(computed by the Picard-Lefschetz formula). 

1 Introduction 

Let (M, a;) be a symplectic manifold of dimension In and consider a Lagrangian fibration 

F : M — ► B . 

where B is a manifold of dimension n. We shall also suppose that each fiber F q = F^ 1 (q) is compact and 
connected, so it is diffeomorphic to a Liouville torus. 

For each q 6 B there is an open neighborhood U C B of q and a diffeomorphism 

V = F-\U) — ► U x T" : p i — ► (h, ...,/„, <j>x, <£„) 

where T™ is the n-torus R"/Z n . Moreover the coordinates Jj, called action coordinates, are smooth functions 
depending on q only, and in these coordinates the symplectic form is 

n 

lo = d(f>i A dli ■ 

4=1 

The coordinates </> z - are called angle coordinates. Thus V has the structure of a symplectic principal bundle 
with a structure group T", Lagrangian fibers, and a Hamiltonian action of the structure group whose 
momentum map is the projection map of the bundle. 

The question of global existence of act ion- angle coordinates on the principal bundle M — ► B has been 
studied in a pioneering paper by Duistermaat |Q. A most obvious obstruction to the global existence 
of such coordinates is of course the monodromy of the bundle, which is a homomorphism from 7Ti(_B,6) 
to Hi(Fi,,Wi) = Z n . The first example of a mechanical system with non-trivial monodromy is due to R. 
Cushman (the spherical pendulum, see [p^[). It turned out later that many other integrable systems have 
this property. We mention here the Lagrange top the spherical pendulum with quadratic potential 
(2:3 — a) 2 |^0| , the so called Kirchoff top (a rigid body in an infinite ideal fluid) ff|. 

General theorems in this direction are due to M. Zou ^] and T.Z. Nguyen J26|. These results have an 
analytical nature: they do not use the underlying algebro-geometric structure of the problem. In the present 
paper we shall develop this second (algebro-geometric) approach on a concrete example: the Lagrange top 
and its generalizations. The idea of the proof is the following. Let us suppose that we have an algebraically 
completely integrable Hamiltonian system. This defines a Lagrangian fibration and we suppose that each 
Lagrangian fiber (Liouville torus) can be complexified to an affine part of a Jacobian variety J{Tb) = 



H (T(,, il 1 )* / Hi(Ti,, Z), where Tb is a spectral curve depending on b. The manifold f? is the complement to 
the discriminant locus of the spectral curve IV It is easier to describe the monodromy of the complexified 
Lagrangian fibration (with fibers J(Ff,)). Indeed, its monodromy coincides with the monodromy of the 
homology Milnor bundle with fibers -Hi(Fb,Z) and base B. We recall that the latter is associated to the 
Milnor fibration of the polynomial defining the spectral curve IV In particular it comes with a canonical 
Gauss-Manin connection and its monodromy is computed by the Picard-Lefschetz theory (e.g.Qj). Once the 
monodromy of the cycles of the homology Milnor bundle computed, it remains to consider the monodromy 
of the cycles generating the homology of the real part of J(Tb), and hence of the real Liouville tori. 

Of course if B is simply connected there is no {real !) monodromy at all. A simplified, but sufficiently 
general example is when Tf, is defined by a polynomial which itself is a versal deformation of an isolated real 
simple singularity. The complement to the real part of the complex discriminant locus may be not simply 
connected (this set should not be confused with the complement to the real discriminant locus, see ]2^| ) . The 
simplest non-trivial example is the A 3 singularity y 2 ± x 4 and the curve defined by its real versal deformation 
is related to the spectral curve of the spherical pendulum Jll|. Indeed, the discriminant locus A a b of the 
polynomial (x 2 + l) 2 + ax + b contains an isolated point (a = 0, b = 0). 

The paper is organized as follows. In section || we define the generalized Lagrange top as a g + 1 degrees of 
freedom completely integrable Hamiltonian system. The underlying algebro-geometric structure is explained 
in section |[ It turns out that, by analogy to the classical Lagrange top (g = 1) each complexified 
Liouville torus is an affine part of a generalized Jacobian J(L') = H°(T,il 1 (oo + + oc~)* /Hi(T a ff, Z) of 
a genus g hypcrclliptic curve T. Here T a j / is a smooth compact affine curve, T is the compactified and 
normalized T a ff, X\T a ff = oo + + oo~ , V is a compact singular curve obtained from T by identifying oo + 
and oo~. Therefore to compute the monodromy of Liouville tori we have to determine first the monodromy of 
the homology bundle of T a ff (on the place of T), and then the monodromy of the cycles of Hi(T a ff, Z) which 
generate the homology of the real part of J(r'). For this reason we need the real structure of J(F') which 
is described in section ^. Finally, using this and the Picard-Lefschetz formula, we compute the monodromy 
of the top, provided that g < 2 (section |e|). 

This paper is an extended version of ]35[|. I would like to thank Lubomir Gavrilov who suggested me the 
idea of the paper. 

2 Definition of the generalized Lagrange top 

Consider the following Lax pair 

jT(\) = [T(\), X \ + n}. (1) 

where 

T(A) = X A + T - FiA -1 • • • - F g A~ 9 e so(3)[A, A" 1 ], g e N, 

-CJ3 UJ 2 

LU3 — u>i 

—U>2 U>1 







-1 








: 





: 
















-(l + m)w 3 lu 2 \ / -7i >3 Yi, 2 

r =| (l + m)u 3 -wi , ie{l,2,...,s} Ti = I 7^ 

-oj 2 uji ) \ -7 ij2 7i,i 

To simplify the notations we note below 

70,1 = oji, 7o :2 = Wa, 7o,3 = (1 + m)uj 3 . 

The Lax pair ([[]) has 2g + 2 first integrals 

H k = -iresidue A=0 (A fe - 1 <r(F(A) 2 )), k = -1,0, 1, 2g. 

We have in particular 

H-i = (1 + m)oj 3 , H = ^ (ujj + w| + (1 + mfuj 2 ) - 7^3. 
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The Lax pair (^) can be written in an equivalent form as a Hamiltonian system 

d 



dt' 



= {x,H}, 



where 



H = H 



—^—H\ = \ (w? + u? 2 + (1 + m)ul) - 71,3. 
2(1 + to) 2 



The Poisson structure {., .} is given by 

3 

{li,k,lj,i} = ^A-iai + j, c for i, j G {0, 1, ...,g}. 



(2) 



where A£ ; is a skew-symmetric matrix 

A 12 = (Ai 3) Af as A? 2 ) = (0, 0, -1), A 13 - (A\ 3 , A? 3 , A? 3 ) = (0, 1,0), A 23 = (A 23 , A| 3 , A| 3 ) = (-1, 0, 0). 

It is easy to check further that (Q) is a Liouville completely integrable Hamiltonian system of g + 1 degrees 
of freedom, where Hi, i = —1, 0, g — 1 are first integrals, while Hj, j = g, g + 1, i7 2 g are Casimirs. 
We call the system ([|) the generalized Lagrange top (another generalization may be found in |2{| ) • 
We shall identify the Lie algebras (so (3), [.,.]) and (R 3 , A) by the Lie algebras anti- isomorphism ([A, B] = 
-A A B) 

-x 3 x 2 \ 

x 3 — xi G so(3) i — > (x 3 ,x 2 ,xi) e R 3 . 

—X2 X\ J 

Let <J\,a 2 ,a 3 be the Pauli spin matrices, defined by 



1 

-1 



02 



-1 







f 






, 0- 3 = | 




i 



and denote cr = (<ti, (t 2 , cr 3 ). Then [ui,^] = 2\J —\o 3 (+cyclic permutation) which implies that the map 



x = (x 3 ,x 2 ,xi) e 



1 1 

T T = — 



— \/— lXl 



2 V — V— LX3 + x 2 



-lx 3 - X 2 

— lx\ 



G su(2), 



where x = x.er = xici + X2<72 +X3CT3 is a Lie algebra isomorphism between R 3 and the (2 x 2) skew-Hermitian 
traceless matrices su(2). Note that 



det(x.u) 



and traced = -\x.y. 



Composing these two previous morphisms of Lie algebras we get a Lie algebras anti-isomorphism between 
(so (3), [.,.]) and (su(2), [.,.]), we deduce from (0) an equivalent Lax pair. Namely, 



so(3) 3 X ' 



1 



03 G su(2), 



so(3) 3 Q 



1 a n= 1 



Ll>1 W 3 -V-1^2 



GSU(2), 



and finally 

so (3) 3 Ti 
If we denote 



4=f,= 1 



7i,l 7i,3 ^ V-l7i,2 

T V 7i,3 + \/-T7i,2 -7i,l 



E/(x) - x 9+1 + ((1 + to) W 3 - %/^Lv 2 ) x 9 - ( 7li3 - 7^171,2) : 
W(x) = x 9+1 + ((1 + m)cu 3 + \Z-Tcj 2 ) x 2 - (71,3 + ■ 



,s-i 



Gsu(2),i = 1,2, ...,g. 

■ ~ (79,3 - \/ Z l7fl,2), 
•-(7 5 ,3 + \/ Z T7g,2), 
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then 



r(A) 



1 



T(x) 



V(x) — LO\X 9 — 71,1a; 9 1 — 72.ia; 9 2 



V(x) U{x) 
W(x) -V(x) 



1 



1 



(J3X 



9+1 



The generalized Lagrange top (Qj) becomes under this anti-isomorphism 



rv^-iw- 1 r fl ) 



2V^i-rT(x) = <t 3 x + n, r(x) 

at L 

In the next section we shall describe the algebro-geometric structure of the complexified generalized Lagrange 
top. Therefore we put (2:3, x%, x\) G C 3 and consider the Lie algebra anti-isomorphism between (so(3, C), [., .]) 
and (fi[(2,C), [.,.]). 



3 Algebraic structure 

In this section, we show that the generalized Lagrange top is an algebraically completely integrable system 
in the sense of Mumford |25|, p. 3. 53]. This means that the generic complex level set of this system is an 
affine part of a commutative algebraic group : the generalized Jacobian J(C, 00 ) of an hyperelliptic curve 
of genus g with two points oo* identified. 

The construction and properties of generalized Jacobians are due to Rosenlicht |3l[] (even if the 
generalized Jacobian have been already used by Jacobi p9|) and Lang j2(], they rely on the theory of 
abelian varieties, developed by Weil fl3q|. 



Below we shall use the Serre's notations 32 



Let C be the compact and normalized hyperelliptic curve defined by equation y 2 — f(x) — YilS 2 ( x ~ x i)- 
Let l be the hyperelliptic involution 1 : (x,y) € G 1 — ► (x, — y) G C. Denote by oo + , oo _ , the two points 
"at infinity" on C (oo + = i(oo~)), and C = C\{oo + ,oo - }. The pair (C, oo ± ) defines a singular curve C 
(the singularization of C with respect to the modulus oo + + oo~). As a topological space C is C with the 
two points oo + ,oo~ identified. The structure sheaf 0' of C is defined in the following way. Let Oc be the 
direct image of the structure sheaf Oc under canonical projection C — ► C. Then 



0, 



Op if P e C 

C + ioo if P = 00 



where ioa is the ideal of Oqo formed by the functions / having a zero at oo + and 00 of order at least 1. We 
define the sheaf £• (D) where D is a divisor on C such that Supp(£>) p|{oo + , oo~} = by 



£ (D) P 

Let 



L(D) P ifPeC 
0' if P = 00 



L'(D) = H°(C',L'(D)), I'(D) - HHC,L'(D)), 
l'(D) = dime L'(D), i'(D) = dim c l'(D). 

As the sheaf 0c*/0 c is coherent, let Sp = dimc(0p/0 P ) with P G C", the arithmetic genus p a (dimension 
of i? 1 (C", 0')) of the singular curve C is obtained from the geometric genus g of C by the relation 

Pa = g + Soo- 

In fact 

Soo = dim c (0oo/ (C + ioo)) = dim c (0oo/«oo) - 1 = dcg(m) -1 = 1 

then 

Pa = 9+ 1. 

A divisor D on C with Supp(Z?) P|{oo + , oo - } = verifies 

l'(D) - i\D) = deg(D) + l-p a = deg(D) - g. 
Now we define the equivalence relation ~. 
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Definition 3.1 Let D\ and D2 be two divisors on C with Supp(D\) P|{oo + , 00 } = and Supp(D2) P|{oo + , 
oo - } = 0. Then D\ ~ D 2 provided that there exists a global meromorphic function f on C, such that 
(f)=D 1 -D 2 and Voo ±(f-l)>l. 

Definition 3.2 The generalized Jacobian of C , denoted J(C, 00^), is the subgroup Pic (C) of Pic(C') := 
Div(C')/ ~ formed by the divisors D on C with Supp(D) p|{oo + , oo~} = and deg(D) = 0. 

It is known that J(C, oo^) is an extension of J(C) the usual Jacobian of C by the algebraic group C*: 

— > C* — ► J(C, oo ± ) ^ J(C) — ► 

An explicit embedding of a Zariski open subset of J(C, oo^) in C 3 ' s+1 - ) is constructed by the following 
classical construction due to Jacobi and Mumford |25|] . Let 

f( x ) = x ^ + aiX i9+i + a2X 2g + . . . + a2g+2 
be a polynomial without double roots and define the Jacobi polynomials 

U(x) = x 9+1 + u g x 9 + Ug^ix 3 ' 1 H h u , V(x) = v g x 9 + Vg-xx 9 - 1 H h wo, 

W{x) = x 9+1 + w g x 9 + Wg-xx 9 ^ 1 H h wo- 

Let Tc be the set of Jacobi polynomials satisfying the relation 

f(x) = V 2 (x) + U(x)W(x). 

More explicitly, if we expand 

2g+l 

f(x) - V 2 (x) - U(x)W(x) = ^ Ci{a 3 ,u k ,v h w m )x\ 

i=0 

and take Uj, Vk, u>i as coordinates in C 3 ^ 9+1 \ then 

T c = {(u,v,w) £ C 3(9+1) : c i (a j ,u k ,vi,w m )=Q, i £ {0, 1, 2g + 1}} . 

Proposition 3.1 If f{x) is a polynomial without double root then 

1. Tc is a smooth affine variety isomorphic to J(C, oo ± ) \ for some divisor theta. Under <f>, the set 
is the translate of the set of special divisors of degree g — 1 by oo + + oo~ . 

2. any translation invariant vector field on the generalized Jacobian of the curve C with modulus m = 
{oo + ,oo - }, can be written in the following Lax pair form 



2V=l|f(»)- 



T(x) = 



V(x) U(x) 
W{x) -V(x) 



where a £ C and U(x),V(x),W(x) are the Jacobi polynomials. 



Proof The proof of part (1) of the above proposition can be found in Previato p^J. For the proof of part 
(2) seei||@. 

Let Div 9+1 (C) be the set of positive divisors of degree g + 1 on C and Dwq ,9+1 (C) C Div 9+1 (C) be the 
9+1 

subset of divisors D = Pj on C having the property Supp(D) n Su PP (l(D)) = 0. The set Div£' g+1 (C) 
i=i 

is naturally identified with a Zariski open subset of the symmetric product S 9+l C. There is a bijection 
between Tc and Dwq' 9+1 (C). In fact Tc is smooth and the bijection is an isomorphism of smooth algebraic 
varieties |E5|. 
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3+1 



For some fixed divisor Dq = W% G Div^' g+1 (C), we consider the Abel-Jacobi map 



(=1 



A: Div+' 9+1 {C) C S g+1 C 



J(C, oo ± ) 



Next we apply the proposition 3.1 to generalized Lagrange top. Let Ch be the curve C as above, where 
h= {h^hMi-Mg) G C 2 <9 +1 ', and 

/0) = x 29+2 + 2h- lX 29+1 + 2hx 29 + 2h 1 x 2a ~ 1 + ■■■ + 2h 2g . 

Let us consider the complex invariant level set of the generalized Lagrange top 

Th = |(ct)i,7j-, fc ) € C 3(9+1) : H_i(o; i ,7 i ,fc) = h-i, H(uJi,^j^) = /i, #1(0^,7^) = hi, H 2g (ui, jj,k) = h 2g \ ■ 
This linear change of variables 



u g = (1 + m)u 3 


- V-T^2 




Vg = UJl 




Wg 


Ug-l = -71,3 + V 7 " 


-l7l,2 




Vg-l = -7l,l 




W 9-l 


« = -72,3 + "/ 


-172,2 , 


< 


v g-2 = -72,1 , 


< 


Wg-2 


lt = -7 5 ,3 + V 


"79,2 




v = -7s, 1 




w 



(1 + m)uj 3 + v 7 -!^ 
-7i,3 - \f— l7i,2 
—72,3 — \/— 172,2 



: -7s,3 - V-l7s,2 

identifies Tc and where the curves C and Ch are related in the following way 

m 



(3) 



ai = 2/i_i, a 2 — 2h = 2ho 



1 + m 

We summarize this in the following 



0-3 — 2/ll, a2g + l — 2/l2g-l, &2g + 2 



2h 



2fl- 



Theorem 3.1 i. T/ie complex level set Th is a smooth complex manifold bi holomorphic to J(C, oo^) \ 
where is a theta divisor ( = J{C, oo^) \ .A (.DTO^~' ff+ ((7) 



TTie Hamiltonian flows of generalized Lagrange top restricted to Th induce linear flows on J(C, 00 ). 
T/ie corresponding vector fields { . , if_i},{ . . , Hi} /or i € {1,2, 1} have a Lax pair 

representation obtained from the Lax pair (^p by substituting a 6 P 1 and using the linear change of 
variables (£|). 



r(x) ; 



T(a) 



(4) 



4 The Real Structure 



Consider the set R 2 < 9+1 ) of all real polynomials of the form f(x) = x 2g+2 + 2h_ 1 x 29+1 + 2hx 2g + 2h l x 2g - 1 + 
■ ■ ■ + 2h 2g . its coefficients are real and its roots are distinct. Denote by A c R 2( ^ 9+1 - ) its discriminant locus. 
Denote further by 6 the connected component of the complement to A in R 2 (f +1 ), in which fix) has no real 
root (obviously there is only one such component). 

We recall that a real structure on a complex algebraic variety C is an anti-holomorphic involution S : 
C — ► C (e.g. H|). The real structure on Th is given by the usual complex conjugation 

(Wi,7i,j,72,fc, -,lg,l) 1 — ► (Z3i,7lJ,72^, -;lgl) 

and we denote if := T K n R 3(s+1) . 

There are two natural anti-holomorphic involution on J(C, cx) ± )\0 



Jx : (U, V, W) — > (U, -V, W), J 2 : (U, V, W) — > (W, V, U). 
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1i 


\ 
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5 2 

\ 

■3 
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\ 










* 








y 


I 

V 


I, 

5 2 


I 




— m — 


i 


1 


{ 


} 


"i 


f 

J 

oo 



Figure 1: Projection of the cycles Si and jj on the x-planc 

Denote by Mi, (respectively M2 ) the set of fixed points of J\ (J2) 

Mi = {([/, V, W): U,V real, V imaginary} , 
M 2 = {(U, V,W) : E7 = W, V real} . 

Proposition 4.1 The real structure on Tq is given by the involution J2 and M2 = Tjf . 

Proof Fixed points of J2 in Tq give real (u>i, Jij, 72, fc, ■■■■>lg,l) an d vice versa. 

Let Wi be 2(3+1) Weierstrass points on Ch, where (without loss of generality) we suppose that Wi = 

Si=i Wj+i+i- Let us choose a basis {7ij<^}»e{i,...,ff+i},j£{i,...,g} °f H\(C,Z) as shown on figure [j]. Given 
w = (dx/y,xdx/y, ...,x g dx/y), and e* = / w,i = 1,2, ...,3 + 1, /, = f 5 , u>,j = 1,2, ...,3, we define A 2g+ i to 
be the Z-module Z{ei, e s +i, /1, f g }. 

Proposition 4.2 Assume that f{x) is a real polynomial with simple roots. 

1. is not empty if and only if hE 6. 

2. The real structure J2 acts on J(C, 00 ) as z £ C s+1 /A 2g +i 1 — ► — z 6 C 9+1 /A 2g +i, where 1 is the 
complex conjugation on C 9+1 . 

Proof The definition of J 2 gives that if (U, V, W) G T c and J 2 (J7, V", W) = {U, V, W) then 

V 2 (x) + U(x)W(x) = \V(x)\ 2 + \U{x)\ 2 = f(x) > 0, Vie M. 

In If f(x) vanishes then this zero is in fact double, and this is impossible. This shows that f{x) is strictly 
positive. Reciprocally, if h G 6 then J 2 (E?=i w *) = Ei=i ^ 

Now let us determine the action of J2 on S 9+1 C. Let Pi = (aii, yi), P2 = (X2, y 2 ), P/+i = be 
generic points on C. Let us consider the curve X = {(x, y) G C 2 : y = V(a;)} where T^(cc) is the Lagrange 
polynomial of degree g such that X contains Pi, P2, P s +i- The intersection points between C and X are 
the points Pi, P2, P 9 +i, Qi, Q 5 +i- The points = (x\ y l ) are determined simply by y 1 — V{x l ) where 
x % are roots of polynomial V 2 (x) — f(x) (which is the resultant of y — V(x) and y 2 — f(x) with respect to 
y). We have 

s+i 9+1 

{(y - V{x))\c) = D 1 +D 2 -(g + l)(oo+ + oo~) where D x = ^P; and D * = J2 
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3+1 9+1 

(y) = D + D' - {g + l)(oo+ + oo") where D = ^ Wi and = J2 w a+i+i- 

i=l i=l 

We get = A + D 2 - D - D' and (y- ^(a;))/ 2 /(oo ± ) = 1 thenDi-D ~ D' -D 2 . Choose 

Z?o = Sf=i W< as the base point of the Abel-Jacobi map A. 

Recall that if S is real structure on C, then S induces a transformation on the sheaves 0c, , Z. 



5*: r(t/,o c ) 

/ 



/o5 



We also denote by S* the transformation induced on fi 1 . We shall say that a € H°(C, fi 1 ) is 5-real 
provided that S^a = a. Moreover S induces an involution on C\(C, Z) (the group of topological 1-cycles). 

If a € H°(C, ft 1 ) and c G Ci(C, Z) then / S*a = a. If a is S-real, we get a = / a. We shall say 

Jc Jstc) Jc JS(c) 



c E Hi{C, Z) is 5-real (S*-imaginary) if S(c) = c (5(c) = -c ). 

The differential one-forms x'dx/y on C are real (for the usual real structure), and if we denote u> 
(dx/y,xdx/y, ...,x 9 dx/y) then 



io 



D 



CO 



D' 



D 2 



LO. 



D 



Therefore the involution J 2 acts on J(C, oo*) as z i — > ^(z) = —2, 2 € C 9+1 /A 2g +i, where z 



to and 



D 



D 

Theorem 4.1 X 1 ^ C C s+1 /A2 g +i is topologically a (g + l)-torus and its periods are generated by ej, i G 
{l,2,..., ff +l}. " 

Proof The fact that is compact and connected is proved by Previato ^7|. Consider the image of in 
J(C, oo*) under the Abel-Jacobi map. As to is real and ji are imaginary cycles, then ej G C 9+1 are purely 
imaginary vectors. We shall determine the action of J 2 on Hi(Ch, Z) and hence on the period lattice A2 5 +i. 
Let us choose a base of Hi(Ch, Z) as on figure |l|. 

Under the standard anti-holomorphic involution 5j is sent to 8'j which is homologous to 5j — 7oo — 

9+1 9+1 

^ 7£. As 7oo = - ^2 li tn en S'j = 6j + j 3 + Jj+i- Thus 

fj = fj + e i + e i+i and -Mfj) = ~fj = ~fj - ej ~ e i+i- 
Denote by z G C 9+1 , $t(z) G M. 9+1 the real part of z. 

Complete further {ei, e s +i, /i, / s } to a basis of C 9+1 by {ei, e s +i, /i, / 9 , f g +i} under the condi- 
tion that 

{3?(/i), 5R(/ g +i), / g +i} is a basis of R 9+1 . The fixed points of J 2 in C s+1 are given by 



J 2 z — z, where J 2 



Id g+ i -A 
-Id g+l 



and A 



( 1 





. 


. 


\ 


1 


1 


. 


. 








1 


1 . 


. 









1 . 


. 











1 





V o 






1 


o / 



If z G C 9+1 /Z{ei, e g +i, fx, f g +i} the only possible solutions are 

V(qi, ...,q g +i) G S g+1 , Vj G {1,2, ...,g} Pj = mod and 2p g+1 = mod f g+1 . 
Assume that the vector / 9 +i tends to infinity, and get 

V(qi,...,q g+ l)€Ss+\ VjG {1,2, ...,«?}, Pj = mod f r 
Finally Tff is generated by ej for i € {1, 2, ...,g + 1}. 
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5 The Monodromy 



5.1 The case g = 

The system (@) is 

or equivalently 



d 
dt 

^3 



r = [To.n] 







It is a Hamiltonian system with one degree of freedom with Poisson structure 



{.,.} 




W2 


£4)3 







— (1 + m)w 3 


£4)2/(1 + m) 


W2 


(1 + m)u> 3 





—£4>i/ (1 + m) 


W 3 


-£J2/(1 + JTl) 


tt;i/(l + m) 






and Hamiltonian 



H = H 



-H 



-1 = 2^ + ^(1 + ^) 



2(1 + m)" 

H-i = (1 + m)uj 3 

H v = \ K + <A + (1 + m ) 2 ^3) 

is a Casimir function. The spectral curve associated to the Lax pair (m is given by the polynomial 



where 

is a first integral and 



V 2 - fix) = V 2 - U{x)W{x) - V 2 (x) = y 2 - x 2 - 2h^x 



2h 



1 + m 



hi, = 0. 



It is a genus zero curve and its generalized Jacobian is C*. It is identified to the invariant manifold of the 
system. The spectral curve as well the corresponding Lagrangian fibration have no monodromy. 

5.2 The case g = 1 (the Lagrange top) 
The system (j^) is 



or equivalently 



- (xA + T - TxA- 1 ) = [ X X + T - ^A^xA + fi] . 



-To = [ro,o]-[r 1)X ] 



(5) 



If we denote 



Ti = 



-73 72 

73 -71 
-72 71 



then the system takes the form 

£4>1 

uj-2 
^3 



-moj 2 uJ3 ~ 72, 7i 
muiti)3+ji, 72 
0, 73 



~ 73^2, 

73W1 - 71 £413, 
71 £4)2 - 72CJ1. 
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e 3 
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e z Vertical 




Horizontal plane 



Figure 2: the Lagrange top 



It is a two degrees of freedom integrable Hamiltonian system with Poisson structure 
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and Hamiltonian 

The second first integral is 
and the Casimir functions are 

The spectral curve C is given by 
fix) 



H 



Hi 



- (ujf + lo\ + (1 + m)wf) - 73. 
H-i = (1 + m)uj 3 . 

= -W171 - w 2 72 - (1 + to)w 3 7 3 , 
^2 = i(7i 2 +7 2 2 + 7 3 2 )- 



v 



y 



2h 



1 



(6) 



h_ x x z - 2h x x - 2h 2 = 0. 



(7) 



The system (^|) describes the motion of a symmetric rigid body spinning about its axis whose base point 
is fixed ((fig. ||). A constant vertical gravitational force acts on the center of mass of the top, which lies on 
its axis. The vector 7 is the unit vector e z expressed in body coordinates, while the vector u> is the angular 
velocity of the body. For more details we refer the reader to || Q . For completeness we give below the 
Lagrangean function in Euler coordinates <fi,ip,6 (shown of fig. 0), which are local coordinates on an open 
subset of the configuration space 5*0(3). This problem will have three degrees of freedom. It has three first 
integrals : the total energy E, the projection M z of the angular momentum on the vertical, the projection 
M 3 of the angular momentum vector on the e 3 axis (figure ||) . 

Let A = B =/= C be the moments of inertia of the body at 0, and let ei, e 2 and e 3 the unit vectors of a 
right moving co-ordinate system connected to the body, directed along the principal axes at fixed point 0. 
We note by 10 the angular velocity of the top which is expressed in terms of the derivates of the Euler angles 
by the formula (cf ||) 

U = u)\e\ + ijJi<?-i + ^3e 3 = 0e\ + (<ft sin 8)e 2 + {ip + (f> cos 9)e 3 
where < <j) < 2ir, < ij) < 2n and < 9 < tt. Since T = ^(Auf + B<J\ + Cwf), the kinetic energy is given 

C . 



T=-(9 2 
2 y 



b 2 sin 2 6>) + -(V; + </>cos(9) 2 
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and the potential energy is equal to 

U = mgl cos 8 

where I is the distance between the fixed point and the center of mass of the top. The Lagrangian function 
reads 

A C 
L = T -U = -(9 2 + 4> 2 sin 2 9) + —(4> + j) cos 9) 2 - mgl cos 9. 

Let p^jPt/j andpe be the conjugate moments. To the cyclic co-ordinates <f> and ip correspond the first integrals 

dL 

p<p = = M z =(j>{A sin 2 9 + C cos 2 9) + ipC cos 9, 
d(j) 



dL 

Pi> = — = M 3 = (0cos0 + if] C. 

difj v 



The last conjugate moment p§ is equal to p$ = A8. The momentum mapping of the Lagrange top is 

F : T*V — ► R 3 

(<f>,ip,0,P<j»PTl>,Pe) ' — ► (E,M 3) M Z ) 
Eliminating (f> and ip, we get the total energy E of the system as 

1 2 Mi (M z - M 3 cos9) 2 
E = 2A»* + W + 2 A sin 2 9 + 



Let 



2M 3 2E Mf / 1 1 \ 2M Z 



A A A \A CJ 1 ° A 

and obviously (E, M 3 , M z ) — ► (<zi, a,2, a 3 ) is a bi-polynomial map. Moreover we shall assume that 

A = mgl. 

Then action variables are obviously given by [0 : 



h = ^jf^du,h = M 3 ,I 3 = M z 

where 

g(u) = 2u 3 - a 2 it 2 + (aia 3 /2 - 2)u + a 2 - (a 2 + a 2 )/4 

and the cycle 7 is defined on figure |^.b. It is well known |Q that for a real motion of Lagrange top, the 
polynomial g(u) has exactly two real roots u\ and 1*2 on the interval — 1 < u < 1 and one for u > 1 (figure 
||.a). The linear change of variables 

u = -2£ + — , w = -2\/-lfJ. 
6 

transforms the curve L (*) to the curve 

r' = {ry 2 =4£ 3 -^-j} 

where 

aiati On a9 aia 2 as a? a? a? 

z = 1 — + — ,3 = — + - -. 

4 12 ,J 6 48 16 216 16 

Subsequently we shall consider two elliptic curves V and 

C = {(x, y) e C 2 : y 2 = x i + ^x 3 + a 2 x 2 + a 3 x + 1}. 

Remark 1 C is nothing but the curve C where 

A=l, E = H, M 3 = H-i, M z =H 2 , m = C-l. 
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(a) 



(b) 



Figure 3: (a) graph of the function g(u) and (b) projection of the cycle 7 on the u-planc 



The curves C and T are isomorphic, more precisely V as the Jacobian J(C) of C |p7| . The birational 
mapping identifying C and V is given by 



(x,y) 



A, 



x-r Q 



A 2 



vM 



(x - r ) : 



(**) 



where rg is a root of f{x) such that its real part is positive and A\ 



\a 2 r 



703,^2 



r-Q + ^ai7'o + ^a 2 . The map (**) sends the root tq to 00 and then translates the barycenter of the three 
remaining roots into the origin fa]. Using (**) it is easy to check 



r/.r 



(* * *) 



Now we are going to study the discriminant locus A C K 3 of the polynomial f(x) = x i +aix 3 + a2X 2 +a 3 x + l. 
We denote A c = A n {ci3=c} C R 2 in the (ai, a 2 )-plane. Let us consider the following cases : 

• If f(x) has a real double root u then 

f(x) = (x- uf(x 2 +ax + /3),a£R,P,u£ R\{0}. 

Hence 

f ai = (c + 2/u)/u 2 - 2u 
\ a 2 = -3/u 2 - 2c/m + m 2 

A c is parameterized by u e M\{0}. 

• If f(x) has a real triple root it then 

f(x) = (x- u) 3 {x - a), a,ue K\{0}. 

— If c = ±4 then u — =Fl is a real quadruple root. It is the point (01, a 2 ) = (±4, 6). 

— If |c| > 4 then there are two possibilities for u, moreover u has the sign of — c. 

— If |c| < 4 then / can not have a real triple root. 

• If f(x) has two double roots then 

f(x) = (x 2 + ax + P) 2 , a e M, /3 e M\{0}. 

— If (a,/3) = (— c/2, —1) then / have two real distinct double roots of opposite sign. Therefore the 
two branchs of A c have an intersection point at (a±, a 2 ) = (— c, —2 + c 2 /4). 

— If (a,j9) = (c/2,1) then 
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|a|<4 



|a|=4 



>4 



Figure 4: the discriminant locus of f{x) 




Figure 5: projection of the cycles 71, 5\, S[ and 700 on the x-plane 



* If |c| > 4 then we have two different real double roots of the same sign as — c. They represent 
a normal crossing of A c with coordinates (ai, a 2 ) = (c, 2 + c 2 /4). 

* If |c| < 4 then we have a pair of complex conjugate double roots. They represent an isolated 
point of the real discriminant locus with coordinates (ai, a 2 ) = (c, 2 + c 2 /4). 



The sections A c of the dicriminant locus A are shown on figure 
the complement to A c in M 2 , in which f(x) has no real root. 



Let C c be the connected component of 



{(01,02,03) G M 3 : (ai,o 2 ) S C Q3 and \a 3 \ < 4} 



Lemma 5.1 We have 



h = 



Ay^T I y 



2ir ./ 7l x- 



;d,X 



where y 2 — x 4 + ayx 3, + 02a; 2 + a 3 x + 1 and £/ie cycle 71 is defined on figure^ 
Proof We have 

dh A I du Ayf^l I d£ (***) A^f^l f dx A^f^l d 



da 2 47T jT v 



Then 



4tt 



7 1 
A-J^l 



4tt 



y 27r da 2 



—zdx 

x z 



_ y_ 

■2- 7 71 x 2 



dx + g(ai,a 3 ) 
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where 51(01,03) is a function. To compute (7(01,03), we note that for any fixed (01,03) such that the 
polynomial f(x) has no real root, we may continuously deform 02 in such a way, that (01,02,03) lies on 
A. But under such a deformation the cycle 71(01,02,03) vanishes. And hence 11(01,02,03) = and 
§ ydx/x 2 = which implies g(a\, 03) =0. 

5.2.1 The monodromy of Lagrange top 

Let F : T*V — > M 3 be the moment map of the Lagrange top, where V = 5*0(3). We consider the fibration 

F : T*V\F-\A) — > JR 3 \A. 

This is a proper topological fibration, the fibers of which are diffeomorphic to three-tori T 3 . We consider 
the real monodromy of F defined as the action of 7Ti(R 3 \A, c) on Hi(F~ 1 (c), Z), c = (ci, 02,03) £ M 3 \A. 
We choose now a basis ot\, a-i and 0:3 of Hi(F (c), Z) in the following way : 

• For ai we take the path on i^ _1 (c) defined by fixing <ft, ip. 9,pe make one circle on the curve defined 
by the equation 

1 9 c 9 ( c 3 — c 2 cos#) 2 
C1 =2A P ° + £ + 2Astf6 +m9lCOSd 

• For «2 we fix 0,pg and (f> and ip run through the interval [0, 2ii\. 

• For «3 we fix 9,pe and tp and <f> run through the interval [0, 2tt]. 

With such a choice of basis of H\(F^ 1 (c) 1 Z), the action variables are given by 

1 



, cr,i = 1,2,3. 
2tt r 

where a = pedd + p^d(f> + p^dtp is the fundamental one-form on T*V . 

Theorem (R. Cushman) | jl2| , Q If zq G 6 then 7Ti(R 3 \Z?, zq) = Z and the real monodromy of F 
can be represented, on the basis ai (defined above) for Hi(F~ 1 (c), Z), by the matrix 




Proof The proof of this theorem will follow from the following elementary 

Lemma 5.2 The real discriminant locus of the real polynomial f(x) = (x 2 + l) 2 + (a±x + a2)x 2 in a small 
neighborhood of the origin in K 2 {ai,a2} consists of the point (0,0). When (01,02) makes one turn around 
(0, 0) in a negative direction then the roots of f(x) exchange their places as it is shown on figure 0. 



Proof The proof is straightforward. 

Remark 2 For (01,02) € K 2 sufficiently small, the real polynomial f(x) has either two double roots or it 
has no double root at all. Hence the real discriminant locus of fix) is of codimension two and hence it is the 
point (0,0). This phenomenon has a more general nature, see Looijenga fjj|/ . 

To compute the monodromy of the action variables (equivalently, the monodromy of the homology bundle 
of the Lagragian fibration F), we shall consider the monodromy of the homology bundle of the Milnor 
fibration 23 of the polynomial y 2 — x 4 — aix 3 — a2X 2 — 03a; — 1. This is a fibration with fiber C over M 3 \A, 
defined by 

■B — ► R 3 \A 

{y 2 = x A + aix 3 + a 2 x 2 + a 3 x + 1} 1 — ► (ai, a 2 , a 3 ). 
7Ti(]R 3 \A, zq) is not trivial if and only if zq E 6. 
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Figure 6: the x-planc 




Figure 7: the loop k e 7ri(C c , zq) 
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(a) (b) 

Figure 8: the cycle 71 (a) and (b) 

Denote Pq = (c, 2 + c 2 /4) on the (01, a.2)-plane, and consider a simple negatively oriented (because the 
map (E, M 3 ,M Z ) — ► (ai(E, M 3 , M z ),a 2 (E, M 3 , M z ), 03 (22, M 3 , M z )) reverse the orientation) loop k around 
P , figure @. 

This defines K as a loop in R 3 \A with zo € C as base point. It is possible to deform continuously k to a 
loop (with the same orientation) contained in 6 n {a 3 = 0}. The monodromy of roots of f(x) induces the 
monodromy of cycles in 2?i(C,Z). This situation is described in figures ||.a and ||.b. Let j[ be the image 
of 71 after making one turn along k in negative direction. Then the classical Picard-Lefschetz formula || 
implies j[ = 71 + S± — 5[ and moreover we have 7,30 = Si — 6^ where the projections of S\, S[ and 700 on the 
x-plane are shown on figure ^. That is to say 



2tt / 7 j x z 2tt / 7l x z 2tt 



and 



— — = — ax — ZV — Itt residue x=00 — — = — ax = —v — lirai 



'7oo 

We see that I\ is transformed to 1\ + 1%. 



5.3 The case g = 2 

For this case the system (Q) is 



dt 

As above we put 



In these notations 



^ (xA + r - TiA- 1 - T 2 A- 2 ) = [ X A + T - T^ 1 - r 2 A~ 2 , X A + fi] . (8) 



-73 72 \ / -0 3 6 2 

Ti = I 73 - 7l , T 2 = I 3 - X 



-72 71 
d 



72 



^r = [r ,n]-[r 1 , x ], 
|r.-[r„fl|. 

also 

Wl = -7^2^3 — 72 ) 71 = 72W3 — 73W2 + 02, 01 = OJ302 —U203, 

ui 2 = mwio;3 + 7i, 72 = 73^1-71^3-^1, O2 = Wi03-w 3 0i, 

cj 3 = 0, 73 = 71 W2 — 72^1, 03 = cj 2 #i-o;i0 2 . 
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Let us consider this Poisson structure 
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The Hamiltonian function corresponding to (g) is 

H = - (uj'f + w\ + (1 + m)wf ) - 73- 
The Hamiltonian functions in involution with H are 

= (1 + m)uj 3 , 
Hi = -W171 - W272 - (1 + m)w 3 73 - 03- 

The Casimir functions are 

H 2 = - (71 + 72 + 73) - W 101 - ^202 - (1 + m)uj 3 63, 



H3 = 7i0i + 7202 + 7303, 




The spectral curve C is given by 

y 2 = x 6 + 2h_ lX b + \2h + W h\ | x 4 + 2h r x 3 + 2h 2 x 2 + 2h 3 x + 2h 4 . 
\ 1 + m / 

The monodromy of cycles on spectral curve C generates the monodromy of momentum map associated to 
the system (gj). 

5.3.1 The discriminant of (x 2 + l) 3 + x 3 (ax 2 + bx + c) 

Let us consider the real discriminant A(a, b, c) of the polynomial P(x) = (x 2 + l) 3 + x 3 (ax 2 + bx + c) when 
(a, b, c) is closed to (0, 0, 0). Assume that 

P{x) = (x 2 + ci x + c 2 ) 2 (x 2 + dix + (I2) 

and hence 

' a = 2a{c 2 - 1){4 - l)/c| 

b = (c 2 -l) 3 (c 3 + 3c 2 + 3c 2 + 5)/3c 2 

c = 2a(c 2 -l)(2c 2 ! + 3c 2 -5)/3c 2 ! 
< ci = a(c 2 - 1) 

di = -2a(c 2 - l)/c 3 
^ d 2 = c 2 2 

where a verifies 3a 2 = 02(02 + 2) and c 2 7^ 0. The discriminant of (x 2 + ci x + c 2 )~ is 

Ai (c 2 ) = c 2 - 4c 2 = 1/3 c 2 (-10 + c 2 3 - 3 c 2 ) 
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Figure 9: discriminant of f(x) 



and the discriminant of (x 2 + d\ x + ci 2 ) is 



A 2 (c 2 ) = d\- 4d 2 = -4/3 2C23 + 3 5 C2 ' 2 

It is easy to check that Ai(c2) and A 2 (c 2 ) are negative when c 2 is close to 1. Therefore the discriminant 
A(a, b, c) is parameterized near (0, 0, 0) by 

a = 2a(c 2 -l)(4-l)/4 
b = (c 2 -l) 3 (cf+3c 2 + 3c 2 + 5)/3c 2 
c = 2a(c2-l)(2c| + 3c2-5)/3cl ) C2G(0,oo) 

(see figure |^). Denote the set on figure || by A. The above shows that the connected component of the 
complement to the discriminant locus, in which the polynomial (x 2 + l) 3 + x 3 (ax 2 + bx + c) has no real roots 
is homeomorphic to R 3 \A. Moreover this implies that, more generally, the connected component S C R 6 of 
the complement to the discriminant locus in which the spectral polynomial 



x 6 + 2h-xx 5 + ( 2h H — h\ ) x 4 + 2hix 3 + 2h 2 x 2 + 2h 3 x + 2h 4 

1 + m 



has no real roots, is homeomorphic to (]R 3 \A) x M 3 . Therefore we have the following 
Lemma 5.3 The fundamental group of & is a free group with three generators. 



5.3.2 The monodromy of the generalized Lagrange top 

The monodromy group of the top is a homomorphism from 7Ti(C,pi) to Aut{l?) : where Z 3 — i?i(T 3 ,Z). 

Consider the basis {71, 73, 700, Si, <5 2 } of H\{C, Z) shown on (fig |Io|). The cycles generating the Liouville 
tori are the cycles 71 , 73 , 700 • 

Let ki S 7ri(C,pi) be the loop shown on figure [H]. The monodromy of the roots of the polynomial f(x), 
induced by this loop are shown on fig. Therefore, when (ai, a 2 , a 3 ) makes one turn along k, the cycle 71 
is transformed to 7^, where 

7i = 7i + <5i - $1 = 7i ~ 73 + 7oo- 
The monodromy of cycles is given by the following matrix (in the basis {71, 73, 7oo}) 

M K1 = 




18 





Figure 13: the monodromy of the roots of f(x) 

Consider the loop K2 € iri(Q,p2) shown on figure [H]. The monodromy of the roots of the polynomial 
f(x) induced by K2 is shown on figure [l3|. The cycle 71 is transformed to j'i where 

73 = 73 + $2 - $2 = 73 - 71 + loo- 

The monodromy of the cycles is given by the following matrix (in the basis {71, 72, 7oo}) 

/ 1 -1 \ 
M K2 = 1 . 
\0 1 lj 

In a similar way we may choose a third generator K3 and compute its image in Aut(1 5 ). 
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